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Fourth Liu Hui Cup Mathematical Olympiad
Day 1 (November 13, 2021)

Problem 1. In a given triangle ABC, M and N are the midpoints of sides AB
and AC, respectively. Lines BN, CM meet ©(ABC) again at E, F', respectively.
Line E'F intersects AB and AC, respectively, at S and T'. Circles ®(FSM) and
O(ETN) meet ©(ABC') again at U and V, respectively. Show that |AU| = |AV/|.
Here ®(XY Z) denotes the circumcircle of triangle XY Z.

Problem 2. Find all quadruples (z,y, u,v) of positive integers such that ,/xy +
Vuwv is rational and
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Problem 3. For each positive integer n, let f(n) denote the largest integer [ such
that there exists an [-term sequence of integers {a;}!_, satisfying

e 0<a1<as <+ <a <n;
e aitajt+apFay+aypt+ayforl <i<j<k<landl <7 <j <k <I
With (7:7j7 k:) % (/l:/7j/’ k/)'

Show that

1 1/3
f(n) < {471(1 — 610g§n>J 7,

where |z] denotes the greatest integer less than or equal to x.
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