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First Liu Hui Cup Mathematical Olympiad
Day 1 (October 5, 2018)

Problem 1. Let n be a given integer greater than two. A point P is inside the
regular n-gon Ay A, ... A, (including its boundary) that is inscribed in the unit circle.
Find the maximum value of [],_,|PA| as P varies.

Problem 2. Let n be a positive integer greater than 2018. Prove that there exist
positive integers a and b satisfying both the following:

(1) n =a — b;

(2) the set of distinct prime factors of a has exactly one additional element compared
to that of b, with the additional element being less than n.

Problem 3. Let n be a positive integer. A positive integer A is called a harvest
number if its decimal (i.e., base-ten) representation does not contain digits 2, 0, 1,
or 8, and any two consecutive digits of A (preserving their original order) form a
2-digit prime number. For example, 6, 47, and 379 are harvest numbers. Let a, be
the number of the harvest numbers that have at most n decimal digits. Then a; = 6,
a9 = ].5 E—

(1) Show that the general term of the sequence {a,} is

a.=[P+(-1)"Q] - 29216, (n=1,23,..),

where P = 31 + 221/2 and Q = 31 — 22V/2.

(2) A Mid-Autumn harvest number is a harvest number divisible by 11 and does not
contain digits 4, 5, or 6 in its decimal representation. Let ¢, be the total number of n-
digit Mid-Autumn harvest numbers and S,, the sum of all these n-digit Mid-Autumn
harvest numbers (for n =1, 2, 3, ...). Prove that
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First Liu Hui Cup Mathematical Olympiad
Day 2 (October 6, 2018)

Problem 4. A triangle ABC'is inscribed in circle I'. Let M be the midpoint of the
arc BC' (arc BC' does not contain the point A). Point J is the excenter of triangle
ABC relative to B. The line JM meets circle I at two points M and D, Point E is
on the extension of the line segment C'B, such that 2|EC| = |BC| + |C'A| + |AB|.
Prove that /ZEAB = ZC'AD.
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First Liu Hui Cup Mathematical Olympiad
Day 2 (October 6, 2018)

Problem 4. A triangle ABC'is inscribed in circle I'. Let M be the midpoint of the
arc BC' (arc BC' does not contain the point A). Point J is the excenter of triangle
ABC relative to B. The line JM meets circle I at two points M and D, Point E is
on the extension of the line segment C'B, such that 2|EC| = |BC| + |C'A| + |AB|.
Prove that /ZEAB = ZC'AD.

Problem 5. Let n be an integer greater than one. Suppose that aq, as, ..., a, are
n distinct positive odd integers, whose differences |a; — a;| (for 1 < i < j < n) are
also distinct. Show that

mn

1
Z a; > an(ng —4n +5).

g=1

Problem 5. Let n be an integer greater than one. Suppose that aq, as, ..., a, are
n distinct positive odd integers, whose differences |a; — a;| (for 1 < i < j < n) are
also distinct. Show that

. 1
Z a; > —n(n® — 4n +5).

g=1

)

Problem 6. Let n > 1 be a given positive integer. Suppose that nonnegative real
numbers ay, as, ..., a, satisfy

1k |k
— a; > —— a k=12 ... 8—1),
K Z T Ek414 : ( )
j=1 =1
and _
n 3
(n? —1) (Z a,..,;) =3n’
i=1
Show that there exists a positive integer p € {2,3,...,n} such that
1
3
) i s
P= 2 _p
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Problem 6. Let n > 1 be a given positive integer. Suppose that nonnegative real
numbers ay, as, ..., a, satisfy
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