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Fourth Liu Hui Cup Mathematical Olympiad
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Problem 4. Let n > 3 be an integer, and ay, as, ..., a, be real numbers not all
zero such that )", a; = 0. Show that

(% i“?>7 = =2 —?;11)15(712 " 301 3) (% Zn:“i?)z'

i=1 =1

Problem 5. Does there exist a positive integer n > 2 satisfying that for any
positive integer m and any multiset A with the following properties, there exists
a non-empty proper subset B of A such that the sum of all elements in B is a
multiple of m?

e There are at most n + 2 distinct elements in A.
e The sum of all elements in A is mn.
o For any z € A, x is a positive integer and x | m.

If the answer is affirmative, find the smallest n; otherwise, prove that such an
integer n cannot exist.
Remark:

o When taking the sum of elements in a multiset, repeated elements need to
be accumulated according to the corresponding multiplicity.

o A multiset B is a subset of A if z € A holds for any x € B, and, in addition,
the multiplicity of z in B is less than or equal to the multiplicity of = in A.

Problem 6. Given a positive integer ¢ > 3. An undirected graph G with 2¢
vertices is called good if the following conditions are satisfied.

« Among any t vertices of GG, there exist two vertices that are connected by an
edge of G.

o It is impossible to separate G into two isolated parts with equal number of
vertices. By isolated, we mean that there is no edge of G that connects these
two parts.

Find the minimum number of edges of a good graph.

Define the branch sequence of a graph as the non-decreasing sequence formed by
the number of vertices of each connected component. Find all possible branch
sequences of a good graph whose number of edges is minimized.
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